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ABSTRACT 

We perform a classical BRST analysis of the symmetries corresponding to 
a generic WN-algehra. An essential feature of our method is that we write the 
WAT-algebra in a special basis such that the algebra manifestly has a "nested" 
set of subalgebras v§ C v^~^ C . . . C vjj = wn where the subalgebra v}^ {i = 
2, . . . ,N) consists of generators of spin s = {i,i + 1, . . . , N}, respectively. In 
the new basis the BRST charge can be written as a "nested" sum of A — 1 
nilpotent BRST charges. 

In view of potential applications to (critical and/or non-critical) VT-string 
theories we discuss the quantum extension of our results. In particular, we 
present the quantum BRST-operator for the iy4-algebra in the new basis. 
For both critical and non-critical VT-strings we apply our results to discuss 
the relation with minimal models. 
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1 Introduction 



In recent years it has turned out that in order to describe string theory it 
is convenient to use the BRST formahsm fl]]. For instance, via a BRST 
analysis one can derive the critical dimension and calculate the spectrum of 
the theory. For critical strings this was first done in 0. More recently, the 
spectrum of non-critical strings has been calculated using this formalism [^]. 
The BRST approach also plays a crucial role in the construction of a string 
field theory [g| . 

The starting point in the BRST approach is the introduction of a set 
of canonical variables (the "string coordinates") which satisfy a standard 
Poisson bracket. In string theory the relevant variables are given by a set of 
holomorphic variables and a set of anti-holomorphic variables. We restrict 
the BRST analysis to the holomorphic sector since the two sectors require 
a similar treatment. The two-dimensional conformal symmetries of string 
theory are encoded in a set of first-class constraints on the string coordinates 
whose Poisson brackets are given by the Virasoro algebra. Given this Virasoro 
algebra one can construct a nilpotent BRST charge by extending the phase 
space with a set of anticommuting ghost variables. At the classical level, 
this BRST charge can be used to define the physical variables of the theory. 
In a canonical quantization the Poisson brackets get replaced by so-called 
Operator Product Expansions (OPE's) where the operators act in a Hilbert 
space. At the same time the BRST charge gets replaced by a nilpotent 
BRST operator. The physical states in the Hilbert space are defined as 
the cohomology classes of this BRST operator. The BRST operator thus 
provides a convenient way to calculate the spectrum of the theory. 

Due to normal ordering problems it is not guaranteed a priori that a 
nilpotent BRST operator can be constructed. If this is not the case one 
cannot define the physical states and the theory is said to be anomalous. In 
most cases the BRST operator can be made nilpotent provided that certain 
conditions hold. For instance, in the case of the bosonic critical string requir- 
ing nilpotency of the BRST operator leads to the condition that the number 
of string coordinates is 26, i.e. the bosonic string moves in a 2 6- dimensional 
spacetime [0]. 

Within the BRST formalism it is rather natural to extend the Virasoro 
constraints with a set of additional first class constraints and investigate 
whether this extended set still leads to a sensible spectrum thus providing 
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the basis for the construction of new string theories ||^. The complete set 
of first-class constraints must form a closed Poisson-bracket algebra which is 
an extension of the classical Virasoro algebra^. Most of the recent research 
has focussed on algebras where the new generators carry a spin which is 
higher than the spin of the Virasoro generators. Such algebras are denoted 
as extended conformal algebras or, briefly, "if at- algebras" where N indicates 
the highest spin of the generators involved (usually one uses a convention 
in which the Virasoro generators carry a spin equal to two). The simplest 
example, which has been mostly studied, is the wa-algebra which involves 
the Virasoro generators and a generator of spin three 0. The wa-algebra 
is quadratically nonlinear, i.e., Poisson brackets of the constraints lead to 
polynomials of the constraints which are at most quadratic. The BRST 
charge of the Ws-algebra was first constructed in while the BRST charge 
for general quadratically nonlinear algebras was obtained in 

In view of potential applications to VT-string theories it is necessary to 
quantize the WAr-symmetries via the BRST formalism and to perform a spec- 
trum analysis. One noteworthy feature that has emerged from this quan- 
tisation is that although classically the first-class constraints always form a 
closed Poisson bracket algebra, the corresponding quantum operators do not 
necessarily form a closed quantum algebra in the full Hilbert space, even 
after including possible renormalizations of the generators and allowing for 
quantum deformations of the classical algebra^. Indeed, they do not have to 
form a closed quantum algebra. All one needs in the BRST approach at the 
quantum level is the existence of a nilpotent BRST operator. So we have the 
following picture: 

few clarifying remarks concerning the terminology "classical" algebras are in order 
here. In general, by a classical algebra is meant a Poisson-bracket algebra. In this sense 
there exist a classical Virasoro algebra with a so-called central extension. However, in this 
paper we will always reserve the term "classical" algebra for the special case where this 
central extension is zero. For the realization of the Virasoro algebra in terms of free fields 
this means that we do not consider background charges at the classical level. Similarly, 
by a classical WAr-algebra (see below) we mean a Poisson bracket algebra whose free field 
realization contains only single derivatives of the fields. 

^ To be more precise, the existence of a quantum algebra depends on the basis one is 
using for the classical algebra. Using the standard, so-called Miura (see below), basis of 
the wn algebra, there exists a corresponding quantum algebra which we denote by Wn- 
This is however not the case if we use our new, realization-dependent, basis of the wn 
algebra (see below). 
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classical closed Poisson bracket algebra 
quantum nilpotent BRST operator (1) 

A recent example of a nilpotent BRST operator without a corresponding 
quantum algebra was given in In the present work we will encounter 
more examples. Once a nilpotent BRST operator has been constructed, its 
cohomology, and hence the spectrum of the theory, can be computed. The 
quantum constraints, which by construction are BRST-trivial, then close 
within the space of cohomology classes of the BRST operator. 

It is the purpose of this paper to give a systematic BRST analysis of 
general WTv-symmetries both at the classical as well as at the quantum level. 
Sofar, explicit results are known and well understood only in the case of 



the W3-algebra. In ||10| , |Tl|, an expression has been presented for the BRST 
operator of the ti'4-algebra. However, the complexity of this expression makes 
it rather hard to deal with in practice. Recently it has been pointed out that 
in case of the W3 algebra the BRST analysis can be simplified by making an 
appropriate redefinition of the canonical variables ||T^ . After the redefinition 
the BRST charge can be written as the sum of two charges that are separately 
nilpotent. It is expected that this will lead to simplifications in the analysis 



of the spectrum in the quantum case. In the redefinition of the canonical 



variables was translated into a corresponding redefinition of the generators 
and it was indicated how a similar simplification could be made for the generic 
WAT-algebra. The additional structure which arises after the redefinitions 
makes it possible to obtain a relatively simple structured expression for the 
BRST-operator for W4 (see Section 5), and in principle also for Wn- 

The general picture that arises and which is confirmed by the present 
work is as follows. Usually the i^Ar-algebra is realized in terms of — 1 free 
scalar fields and given in a special basis which is related to making a so-called 
Miura transformation. We will call this special basis the "Miura basis" . In 
this Miura basis the BRST charge of the WAr-algebra is a rather complicated 
expression which for growing A^ contains terms of increasingly high order in 
the ghost fields. For instance, the BRST charge of the ws-algebra is at most 
trilinear in the ghosts but the BRST charge of the W4-algebra (see Section 4) 
contains already terms of seventh order in the ghosts. In the next section we 
will show how the generators of the tOTv-algebra can be redefined such that 
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the WAT-algebra contains a "nested" set of subalgebras 



C 



Wn 



(2) 



where the subalgebra v 

{w} 



yi = 2, . . . ,N) consists of {N — i + 1) generators 
} of spin s = + . . . , N}, respectively. The generators 
are reahzed by iV — 1 free (holomorphic) scalar fields 0„,n = l,...,A^ — 1, 
such that the generator w^, of highest spin, only depends on the single 
scalar (j)N-i, the generator w^~^, of next to highest spin, only depends on 
the two scalars 0iv-i,0Ar-2, etc. Finally, the Virasoro generator w% is the 
only generator that depends on all scalars 0i, . . . , 0Ar_i. This particular 
dependence of the generators on the scalars automatically leads to the nested 
subalgebra structure indicated in (0). For instance, since the highest spin 



generator wj^ only depends on (pN-i, and all other generators contain other 
scalars as well, the Poisson bracket algebra of must close on itself thus 
leading to the subalgebra vf^ etc. 

An immediate consequence of the new basis is that the scalar 0i which 
only occurs in the Virasoro generator can be replaced there by a term dX^dX^ 
containing an arbitrary number of scalars X^ without upsetting the closure 
of the algebra since this term commutes with all the other generators. This 
leads to a multi-scalar realisation of the WTv-algebra. Such multi-scalar re- 
alisations were first considered in |T^. The above structure is summarized 
schematically in Table 1. 







02 


4>3 






Wat 


(f)N-3 
4>N-2 
4>N-1 


4>N-2 
4>N-1 


4>N-1 







Table 1. This table shows the generic structure of the ifAr-algebra in the 
new basis discussed in Section 2. The left column indicates the generators 
{w%, . . . ,w^} of the algebra. The other colums indicate the dependence of 
the generators on the scalars {X^, 02, • • • , (pN~i}- 
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In order to construct the BRST charge of the complete WAr-algebra one 
can now first consider the smallest subalgebra generated by w^. Its 
corresponding BRST charge we denote by Q^. One then considers the next 
subalgebra v'^~^ generated by {w^,w^~^} which has its own BRST charge 
Qjv"^- Since C v^~^ we have that C Q^~^. By this we mean that if 
one sets the ghost variables corresponding to the spin N — 1 symmetries equal 
to zero the expression for Q%~^ equals that of Q^. In general, this does not 
imply that the BRST charge Q%~^ can be written as Q^~^ = + "rest" 
such that the "rest" terms are separately nilpotent. The fact that this does 
happen for the Wa-algebra is an exception (see below). We thus arrive at the 
following "nested" structure of the BRST charge Qn of the WAr-algebra: 

C Qiv ^ Qn ^ C . . . C Q% C Q% = Qn (3) 

Here the inclusion symbols indicate how the different (nilpotent) BRST 
charges can be obtained from each other by setting certain ghost variables 
equal to zero. A nice feature of this structure is that one can investigate sys- 
tematically the BRST charges of the different nested subalgebras and thus 
iteratively construct the BRST charge of the complete wat- algebra. In this 
paper we will present results for the subalgebras and v^~^ for any N. 

Note that the generator w% always satisfies by itself the Virasoro algebra. 
Therefore there is, besides the nested structure (|]), also a nilpotent BRST 
charge corresponding to this Virasoro subalgebra. This BRST charge is in 
fact given 

^yQ%-Q%- This is the reason that for = 3 the nested structure 
(H) is given by 

Ql = Qo + Qi (4) 

where Qo = Q3 — Q3 and Qi = are two anti-commuting nilpotent BRST- 



charges 111, ig. 

It is to be expected that the nested structure (|^) of the BRST-charges 
survives quantisation^. The examples given in this paper provide arguments 
in favour of this conjecture. In that case the nested structure discussed in this 
paper should be useful in the construction of the spectrum of the WV-string. 

In [O, ITB|, a relationship was suggested between the spectra of W^Ar-strings 



and Virasoro minimal models. In the case of the lya-string this relation has 



^To distinguish between classical and quantum expressions, we will write the quantum 
expressions with boldface. 
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been made more explicit in O, O, [18], IT9|, |20|. In particular, it was shown 



that the Ws-string can be viewed as an ordinary c = 26 string, where the 
matter sector includes a c = | Ising model. From the point of view of the 
nested structure (H), it is easy to see how the c = | Ising model enters into 
the game by observing the following numerology. Since the w| subalgebra 
has its own nilpotent BRST operator Qg, one can separately construct its 
cohomology. The BRST operator Qg is realized by a single free scalar 02 and 
the ghosts of the spin-three symmetries. It turns out that the total central 
charge Cg of these fields equals | which is precisely that of the Ising model. 
In this paper we will apply a similar numerology to the nested structure of a 
generic wn algebra. Our results suggest a very general relationship between 
the spectra of Wn strings and W minimal models. A similar relationship 
is suggested between the so-called non-critical VTAr-strings and W minimal 
models, thereby extending a conjecture made in |T^. It will be interesting 



to see whether the conjectures will be confirmed by explicit calculations of 
the spectra of (critical and/or non-critical) W^Ar-strings. We hope that the 
nested structure discussed in paper will considerably facilitate this task. 

The organisation of this paper is as follows. In Section 2 we show how 
the redefinition of the WN-algehra. discussed above can be carried out for 
arbitrary A^. In Section 3 we present general results for any N for the first 
two subalgebras and fjv"^- In Section 4 we discuss the special cases 
N = 3,4,5. The discussion of Sections 2, 3 and 4 is always at the classical 
level. In Section 5 we extend some of our results to the quantum case. For 
instance, for = 4 we give the quantum BRST operator corresponding to 
the W4-algebra. Finally, in section 6 we discuss the relations with (Virasoro) 
minimal models for both critical PFTv-strings and the non-critical ly/v-strings 

of m. 



2 A new basis for the WN-algehra 

In this section we will introduce the new basis for the WAr-algebra, starting 
from realisations of the WAr-algebra obtained from the Miura transformation 
The basic result of this section is given by formulae (P?]), ( [5^ ) where we 
give a closed expression for all generators of the classical wn algebra in the 
new basis described in the introduction. 
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The Miura transformation generates realisations of wat in terms of — 1 
scalar fields n = 1, . . . , iV — 1. This construction is iterative in the sense 
that the generators of the W7v+i-algebra can be expressed in terms of those of 
the WTv-algebra and one aditional scalar field 07v Ull, ill- We will denote the 
generators of in the Miura basis by M]^, where / is the spin, 2 < I < N. 
The iterative structure induced by the Miura transformation reads 

<+i = Ea,.^+Mi?^)'^'M^, (5) 

fc=0 

where it is assumed that = ior k > N. Bn represents the scalar field 



Bn = . d(f)n, (6) 

'2n{n + 1) 



and the coefficients a in are given by 

-^"^^ (iV- / + !)!(/ -A:)! ' 

l<k<N ai/+^ = . (8) 

Eq. generates realisations of the classical wjv-algebra starting from Mq = 
1, Ml = 0. Note that in particular (^) then implies that 

M° = 1, (9) 
= 0, (10) 

N-l 

Ml = + (11) 

n=l 

The standard form of the energy-momentum tensor is then obtained as 
T = —2Mjf. To illustrate the Miura basis we give explicit results for the 
generators of w^, N = 2,3,4,5 in Table 2. 

The generators at fixed N form a closed Poisson bracket algebra. 
Clearly, this is then also the case for any linear combination of the M^. The 
redefinition we will now discuss uses the iterative structure (^) to simplify 
the generators by making appropriate linear combinations. The aim is to 
construct a set of generators such that the highest spin depends on only one 
scalar, B^-i, the next highest spin on two scalars, etc. 
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N^2 


Ml = - iB,r 




Ml = M| - 3 (52)2 
Ml = 2 {B2MI + {B^f) 


N^A 


Ml = Ml-6 {Bsf 

Ml = Ml + 2BsMi + 8 {Bsf 

Ml = 3 (BsMi - {B^fMl - {B^Y) 


N = 5 


Ml = Ml - 10 (54)2 

Ml = Ml + 2B4MI + 20 {B^f 

Ml = Ml + 3B4MI - 7 (B^fMl - 15 (^4)^ 

Ml = 4 (S4MI - {B^YMl + {B^fMl + (^4)^) 



Table 2. Generators of in the Miura basis for some low values of N. 

As an example, let us perform this redefinition explicitly for the first 
nontrivial case, N — A. We start with the highest spin generator, M|. As we 
see in Table 2, it depends on Mf and M|. However, these can be expressed 
in terms of M| and M| by inverting the relations given in Table 2: 

Ml = + 6(^3)2, (12) 
M| = Ml - 2B^Ml - 20 {B^f . (13) 

This we substitute in the expression for M| to obtain: 

Mt = 3 {b^MI - 3 {B^fMl - 27 {B^f] . (14) 

The new spin-4 generator w\ is then defined as the linear combination 

wl = Ml-3[B^Ml-?,{B^fMl} 

= -81 (^3)^ (15) 

Now let us define w\. We get from Table 2: 

Ml = Ml + 2B^Ml + %{B^f (16) 
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To express M| in terms of M[, / < 3 we must first make use of the = 3 
entries in Table 2. These allow us to express M| in terms of M|: 

Ml = 2S2M| + 8(52)^ (17) 

This, and (0), is then substituted in (|T6|). The result is: 

M! = 2{B2 + Bs){M! + Q{Bsf) + 8{B2f + 8{Bsf. (18) 

For M| we now make a redefinition which gets rid of M|. The resulting 
spin-3 generator is 

wl = 8 (52)=^ + 12^2(53)2 + 20(^3)3. (19) 

After employing a similar procedure for the spin-2 generator we find that 
there is no redefinition to be made. The result is: 

wl = Ml = -{B^f-?,{B2f-Q{B^f. (20) 

The algorithm relies on the use of the inverse of (|^). To complete the redef- 
inition for W4 required the inverse of ai^k^^'^ for all < 4. 

Let us now consider the above algorithm for general A^. We start with 
the highest spin of the t^Tv+i-algebra. From (^ and (|^) we obtain for this 
generator: 

N 

M^Xl = Y.i-^f''N{B^f+'~'M^^. (21) 
1=0 

Now, d^) expresses the generators of wn+i in terms of those of w^v, but, as 
in ( p!2l - pr^ ), we can use (|) in the opposite direction to express the Mj^, I = 
0, . . . , A^ in terms of M^^^, = 0, . . . , A^. As we saw in the tf4-example 
above, this requires the inverse of the (A^ + 1) x (A^ + 1) lower triangular 
matrix ai^k^~^^, l,k = 0, . . . N. The inverse takes on the following form: 

m=0 



I — k — ni 

2Fi{l,-l + k;-N + k;-N), (22) 



_ (N-k 

l<k<N f\/+^ = Q. (23) 
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The inverse of (^) then becomes: 

N 

M'j, = Y.hk''^'iBNy''M'^^,. (24) 

k=0 

This we can substitute in (^), to obtain: 

N N 

k=0 1=0 

N 

= -Y^i-NB^f^'-'M'^^,. (25) 

k=0 

Here we have used the following result for the coefficients /: 

N 

T.i-'^y h^""^' = {-l)'N''-'. (26) 

1=0 

Now we can redefine the highest spin (we will denote the spin / generator of 
wn in the new basis by wjy): 

AT 

k=2 

= {-lf{NB^)^+K (27) 



Note that we only use M^^;^ for = 2, . . . , in the redefinition, since M^_^_i 

and Mjf^-^ are field independent constants (|§-|TD|), which are not generators 
of the WAT+i-algebra. 

To obtain w^^-^ we start with 



N-l 



M^^, = M^+Y.ciN/^'Mj,{B^r-^. (28) 

1=0 



We then rewrite using our result ( pSf ) with N + 1 ^ N. In the second 
term of (|28|) we substitute (pif ). The result is 



N-l N-l 

= -E E^^+i{-(^-i)5iv-i}^-'(fi^)'-%^+^ 

fe=0 1=0 

N-l N-l 

+ E M^^,(S^)^-^ Y: (29) 

k=0 1=0 
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The last sum can be rewritten using 

N-l 

0'N,l Jl,k — ON,k — O.N,N jN,k 

1=0 

= ^N^k — fN,k'^~^^ (30) 

Substituting this back in (^) gives finally: 

N~l N 

<+i = -EE^4+i{-(A^-l)i?^-i}"'-'(i?^^%"'^^ (31) 

k=0 1=0 

Again we can redefine to obtain the generator w^_^_l■. 

^i^+i = -j:{-{N-l)B^-^r-\B^yf,,^^K (32) 

1=0 

Note that the I = term, which is independent of -Bat, is equal to w^. 

This procedure can be continued for all spins. To continue to lower spins 
one needs to determine for each / the analogue of ( p5| , pT]) , since, as for / = A^, 
one uses the result for spin / + 1 in the calculation for spin /. The redefinition 
then amounts to throwing away all contributions of M^^^^^ in the result except 
that of / = 0. For spin / = — 1 we obtain in this way: 



w 



N-l 

^^l = - E{-(^^-2)5iv-2}^-^-^(i?^-i)'-'=(i?iv)%^/M'^+^(33) 

k,l=0 

from which one can generalise to arbitrary spins: 

N-l 

w^-[ = - E {-{N-l-l)B^-i-ir-^-'^x 

fcl,...,fc; + l=0 

X (Bn-i)'''-''^ ■ ■ ■ {Bn-i)'''''''+'{Bn)'''+' X 

^ f N-l+lf N-l+2 f Nf N+l 

X Jfci.fea Jk2,k3 ■■■Jki,ki+i Jk+1,0 ; W^) 

for / = 0, . . . , N — 2. The highest-spin generator w'^^l is given in (^7|). Again, 
if we select the term with vanishing power of B^, we obtain ti'jv It is a 
simple exercise to show that for I = N — 2 the generator w% is equal to ([Tl|) , 
i.e., the energy-momentum tensor is not modified by our redefinitions. 
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So in our new basis we have obtained in (pT]), p^ ) closed formulae for 
all generators of the classical WAr-algebra. Closure is guaranteed because of 
the closure of the algebra in the Miura basis. Of course, it is a formidable 
exercise to obtain the structure constants and the corresponding classical 
BRST-charge explicitly for the complete wat- algebra. In the next section, 
where we will address these problems, we will therefore limit ourselves to the 
■^Tv+i'^tesbra, which consists of the generators w^^^ and w'^^l- 

For future reference we give explicit results for the redefined generators 
for the algebras wn, N = 2,3,4,5 in Table 3. 



N = 


2 


wj 


= - 


N = 


3 


wl 
wl 


= wl-3 {B^f 
= 8{B,f 


N = 


4 


wl 
wl 
wl 


= wl-6 {B,f 

= ^1 + 1252(53)2 + 20 [B^f 

= -81 (Bs)' 


N = 


5 


wl 
wl 

4 

wl 


= wl - 10 {B^f 

= wl + 2QB2 [B^f + 20^3 {B^f + 40 {B^f 

= wl-m {Bsf {B^f - 120^3 {Bif - 205 {B^f 

= 1024 (^4)^ 



Table 3. Generators of at in our new basis for some low values of N. 

3 The v^^l and v^^i subalgebras 

The advantage of the new basis introduced in the previous section is that for 
each subalgebra of w^v one can define a nilpotent BRST-charge Q. Clearly the 
Q's, as the subalgebras, form a nested structure, in which Q%, the BRST- 
charge for the f|^-subalgebra, contains as contributions all for s' > s. 
Since each of these Q's is separately nilpotent, this nested structure should 
simplify the construction of, e.g., the physical states of the corresponding 
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quantum theory, assuming of course that a quantum extension of this nested 
structure can be given. In this and the next section we will further discuss 
the classical structure of the algebra and its BRST-current. The quantum 
extension will be considered in some specific examples in Section 5. 

For simplicity, let us start with the f j^^J-algebra. Its only generator is 
given in (|27|). It is a simple matter to calculate the Poisson bracket with 
itself. The basic OPE is given by0 

BUz)Bn{w) ~ . ^ (35) 

2n[n + I) [z — wY 

For the generator w^~^\ we then find: 

w%X\{z)w%X\{w) ~ i(-l)^iV^(iV + l)x 



X 



1 , 1 9 



+ 



wY z — w 



.(36) 



The BRST-current for the algebra (0) is easily obtained. Introducing the 
ghost and antighost pair [cn+i, ^at+i), with the contraction 

ci{z)hu{w) ~ (37) 

for any /, fc, we obtain 

j^l = CM-,iwZ\ - i(-l)^iV^ {N + I)(i?^)^"i5c^+ic^+i6^+i . (38) 
The pole of order one in the OPE of j with itself is a total derivative: 

j{z)j{w) ~ + + , (39) 

so that Q = § dzj{z) satisfies {Q, Q} = 0. 

Thus we see that the BRST-current for the f j^^J-algebra contains terms 
that are no more than cubic in the ghosts. This feature is no longer present 
when we consider the u^^^-algebra. 

^ In order to facilitate the transition to the quantum case, it is convenient to represent 
the Poisson brackets by Operator Product Expansions, in which only single contractions 
of fields are considered. After quantisation multiple contractions have to be taken into 
account as well. 



14 



For general we will only consider the algebra containing the two gen- 
erators (|27|) and (|32|) . In this case we can obtain the structure constants 
of the algebra explicitly in terms of the coefficients / as given in (P^. The 



-algebra is given by the OPE's ( p6D and the following ones 



N 



fc=i 



X 



+ 



N{z-wy {N + l){z-w) 



(40) 



+ 



d 



z — w 



X 



r N-2 



k=0 

x{{N-l)BN-iiw)y 

1 



2N 



Y: {-lf~\k + 2)(iV - 2 - fc)/,+2,o'^+^ X 



fe=0 



(41) 



Since the above algebra has been obtained from the Miura basis by a 
redefinition, closure is guaranteed. Nevertheless, it is interesting to check 
how restrictive the requirements of closure are on the coefficients in (|3^), 

) there are no restrictions at all: for a 



(|0D and (H). It is clear that in ( 
single scalar we can always form an algebra with a single generator, for any 
spin. In ( ^0]) the sums must be such that negative powers oi Bj\f are avoided. 
This is indeed the case, since /i.o = 0. One can easily check that this is the 
only condition on the coefficients / required for closure. In ( ^T]) the situation 
is more complicated. One can parametrize the right hand side of (|4l|) with an 
expansion in powers of B]y_i and B]sf with arbitrary coefficients, multiplying 
the generators wj^+i and u^tv+i- It turns out that the requirements of closure 
can be solved for all unknown coefficients, but that two consistency equations 
remain. In terms of the coefficients / these are two quadratic identities of 
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the form: 



k=0 



1 N-1 



iV(iV + 1) 

Af-2 

- E (iV - fc)(iV - A: - l)/fc,o^+V^-fc^i,o^+' = , (42) 

k 

(N-l) 



k=0 
N 

N+l 



Y,k{N-k)fk,o''+'fM-k,0 



1 Af-2 

J2ik + 2)iN- k)U^^/^'f^_,/^' 



N{N + l) 

N-2 

+ J2(N-k)iN-k- l)/fc,o^+V7v-fc,o^+' = . (43) 



A:=0 



Calculations for the coefficients fk,o^~^^ for general and k = 0, 1, . . . are 
done using the explicit form (^21). In some calculations, such as in the check of 
(^, ^) we also need for general the coefficients fN-k,o^^^ for k = 0,1, . . .. 
We have then used the following representation of the /'s: 



k / AT _ l\ I AT\k 

f N+l _ 

jN-kfl — 2^ 

1=0 



N-l\ (Nf 

' X 



k-l ) {l + Nf+^ 

(44) 



l-(-A')"-g("'-r^)(-i^)' 

The BRST-charge for the wj^_,_]^-algebra is much more complicated than 
(|38D for the uj^^J-algebra. In particular, there will be ghost contributions of 
higher order than cubic terms. The same applies to the BRST-charge for the 
general w^_,_]^-algebra. We have not attempted to obtain the BRST-current 
Jtv+i general / and N. Instead, we will give in the next section explicit 
expressions for some specific values of / and A^. 

Using a dimensional argument, it is possible to give a limit on the terms of 
higher-order in the ghost fields that may appear in the BRST-charge. Let us 
briefly present this argument for the u]^, ^-algebra. There we have two pairs 
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of ghosts, ^AT+i, cn+1 and h^-, cn- The conformal spin of the BRST current 
equals 1, the ghost fields 6„ and Cn have spins n and 1 — n. Also, Q has 
ghost number 1. A 2n + 1-order ghost contribution to Q for the w]^_,_^-algebra 
would be of the form: 

{hN+if{hN)\cN+iY{cNy , k + l = n, p + q = n + l, (45) 

where the powers of the anti-commuting ghost fields are given by, e.g., {hn)^ = 
bn{dbn) . . . {d^~^hn)- The conformal weights Sb and Sc of the product of all h- 
and c-ghosts in (^51) is then 

= p + - n) + nA^ + |n(n - 1) , 

= - 2p - np - {n + 1)N + ^{n + l){n + 2) . 

The minimum values for Sb and Sc are reached for k = {n — l)/2 and p = 
{n + 2)/2, respectively. The value of the sum of the minima of Sb and Sc is 
given by: 

Srmn = l{2n^ + 2n-l)-N. (46) 

For such a ghost term to exist in the BRST-current we must have Smin ^ 1, 
so that it is possible to obtain sq = 1. Therefore we should have 

2n^ + 2n-l< 4(A^ + 1) (47) 

for the f ]^^^-algebra. For the f |-algebra this implies that terms of fifth order 
in the ghosts can be written down. However, as we shall see in the next 
section, only cubic ghost-terms actually appear. For the f|-algebra fifth 
order ghost terms are possible, but seventh order ghost terms are not. In 
that case we find that the fifth order terms are required in the BRST-charge. 
Clearly, the dimensional argument can be extended to f jY_,_]^-algebras. 

4 Classical BRST charges 

In this section we give explicit expressions for the BRST charges of ^3,^4 
and the subalgebra C in the new basis, thereby making explicit the 
nested structure (^. To obtain these BRST charges, it is convenient to use 
an iterative procedure. Starting from the terms in the BRST charge that are 
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linear in the ghosts (the terms containing the generators), one obtains higher 
order ghost terms by demanding nilpotency. In the next order one finds that 
the coefficients multiplying the cubic ghost terms are the structure constants 
of the algebra (in the new basis). Since we are dealing with field dependent 
structure constants, it may be necessary to add higher order ghost terms as 
well. 

For pedagogical reasons, we will discuss first the case of the 1^3 algebra 



in somewhat more detail [12]. The generators of the wa-algebra are given in 



Table 3. Using (|g), these generators can be written as 

T = -2wl = -^(90l)^-^(902)^ 
W = -2V3wl = ^(902)'. (48) 

Note that the generators w| and have been rescaled. This makes T 
an energy-momentum tensor generating the Virasoro algebra. For W the 
rescaling is just a matter of convenience. 
The OPE of W with itself isQ 

1 d 



W{z)W{w) 



'~Qid(t)2W) . (49) 



From this algebra one can read of the BRST current ^3(2^) up to third order 
ghost terms, and it turns out that no higher order terms are needed. It can 
be written as iz{,z) = j|(^) with 

iiiz) = C3W - 3id(f)2C3dc3h . 

jI{z) = c2(T + r,3,,3 + iT,,,,J+j](2;), (50) 
where we defined the ghost energy-momentum tensors 

Tcs,bs = -sbsdcs - (s - l)dbsCs (51) 

for arbitrary spin s. The expression for jK^) agrees with the formula for 
general given in (^Sf). Note that the two charges Q3 and Q3 — Ql are 
separately nilpotent. 



^The OPE's involving the energy-momentum tensor T are standard and not given here. 
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It is instructive to compare the above result for the BRST charge in the 
new basis with the one in the Miura basis. The two expressions are related 
to each other by a canonical transformation in the extended phase space [53 . 
It turns out that the canonical transformation that relates (0) to the Miura 
basis is generated by 



G = i902C3&2 • 



(52) 



The exponential action of the generator G on an extended phase space func- 
tion F is, in OPE language 

f ^ f + f ^Mz,Fi,.) + ^ / / ^GWF(.) + ... .(63) 



This results in the following transformations of the basic fields [|T2 



C2 
&2 

h 



C2 + id(j)2C3 + -^C3dc3b2 
cs, 

63 - Z(902&2 + -b2db2C3 
d(p2 + id{b20i) , 



(54) 



where the tilde indicates the fields in the Miura basis. Due to anticommuta- 
tivity of the ghost variables, only the first few terms in (^) contribute to (|5^). 
The BRST current ( pO]) now transforms into its Miura form (suppressing the 
tilde on both fields and generators) 



1 1 

j{z) = C2(T + Tc3,b3 + -Tc2,bJ + C3W + -C3dc3b2T. 



(55) 



Note that the nested structure is absent in the Miura basis: the BRST current 
(BH) cannot be written as the sum of two separate nilpotent currents. 

The advantage of using the new basis instead of the Miura basis is even 
more apparent when we discuss w^. The BRST charge for W4 in the Miura 



basis has recently been calculated in JTO], |ri|]. The authors of [jlOl , ^ find 



that the BRST current contains terms up to seventh order in the ghosts. As 
we will show below, in the new basis we not only make the nested structure 
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of the BRST charge exphcit, but we furthermore find that in the new basis 
all higher order ghost terms vanish and that at most trilinear ghost terms 
occur. 

The generators of the W4-algebra in the new basis are given in Table 3: 



T = 

W = 
V = 



-2wi 



1 



4 - (dhf + -dMd(f>3f + 



5^2 



64 



(56) 



where we have made some convenient rescalings of the generators. The non- 
trivial OPE's (not involving the energy momentum tensor) among these gen- 
erators are 



W{z)W{w) 
W(z)V(w) 
V{z)V{w) 



1 



{z — w) 



+ 



d 



' z — w. 



248 

'-9dct>2W - —V) , 



&d(t)2V - 99031/ -\d(t)2dV - Qd'^<p2V - ^d{d(p^V) 



{z — wy 



+ 



+ 



{z — w) 



d 



w. 



-16(903) V) ■ 



(57) 



Prom this algebra, one can read off the BRST current j^{z) up to third order 
ghost terms, and it turns out that no higher order terms are needed. It can 
be written as ji{z) — jKz) with 

j^{z) = C4V - %{d(t)^fcidcj)i , 

9 243 9 

jl{z) = C3W - -d(f)2C3dc3b3 - —C3dc3bi - -d(p2CzCAdhi 
I 64 z 

— 6902C39C464 H ^—^039030464 — 3-\/2903C3C4964 

jl{z) = C2(T + 7;3,(.3+7;4,64 + ^r,,,,J+j|(^). 



(58) 



The nested structure of the BRST charges manifests itself through the fact 
that the BRST charges associated with j| , j| and j| are all nilpotent. Pur- 
thermore, j| — i\ is the BRST-current of the Virasoro algebra, and is sepa- 
rately nilpotent. 
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Sofar, for Ws and W4 in the new basis, we have not encountered terms in 
the BRST current that are of higher than third order in the ghosts. This is 
not always the case. The most simple example where one has to go beyond 
the trilinear ghost terms, even in the new basis, is given by the BRST current 
corresponding to the subalgebra of w^. In particular, we find that the 
BRST current contains terms quintic in the ghosts. The nested structure 
of the currents is given by: 

jl = c,{^VlOid<f>,f} + jVlOc',cMd<l>A? 



+ {^Vwd(f)4 - -V6d(f)3}c'4C4b5 (59) 

o o 
1 c; ./Tk 10 



+ {-^(dhr-l{d<i^4nc,c,b'. 



+ -^(?V3C^04C5C4&5 



5 5 

-C5C5C46565 + -C5C4C465&4 + C5C4C46564 



+ Jl 



5 Quantisation 

Sofar, our discussion has basically been at the classical level. In this section 
we will discuss some aspects of the quantisation, in particular the construc- 
tion of the quantum BRST operators. The results of this section indicate that 
the nested structure found at the classical level survives the quantisation. 
Our strategy is to use the classical results of the previous sections as 
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a starting point for the construction of the quantum BRST operators^. In 
practice, the easiest way to obtain exphct expressions for the BRST operators 
for low values of is to parametrize all possible quantum corrections to the 
classical BRST charge, and then to determine the coefficients occurring in 
the Ansatz by requiring nilpotency of the quantum BRST operator. We will 
use this explicit method to discuss the quantisation of the algebra^. 

We would like to stress that the use of the new basis greatly facilitates the 
construction of the quantum BRST operator. The nested structure enables 
one to construct the BRST operator in an iterative way. One starts with 
Q^, the BRST-operator corresponding to the highest spin generator of 



This will depend on only one scalar, and on the spin-N ghosts Bn, cn- Next 
one goes on to Qjy"^? which will depend on one additional scalar and the 
spin-(A^ — 1) ghost pair as well. In this way, one obtains at each level a 
nilpotent BRST-operator, which contains the operators of the higher-spin 
subalgebras. In the last step one obtains the BRST operator of the complete 
Wn algebra. 

For = 4 the quantum extension j| of the highest-spin contribution j| 



result for the full W4- algebra, including also j4 and j^- 



to the classical BRST current was already given in |T^. We now give the 
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'3)'C4C;64 + ^V^5V3C4clfe4 (60) 

+ ^\/l5d(j)3C4^C%4 + ^CiC'l'bi - ^CAc'^b'l , 
5 5 3 

27 27 81 

-I- —V30d<j)2d^<j)2 + —Vl5d<f)2d^<j)s + —V30d<j)sd^<f)s 

+ ^^d'h + ^V2d'h} (61) 



■^Note that we write the quantum expressions with boldface. 

®The quantisation of the wa-algebra in the new basis was done in [ p2| and we will not 
repeat it here. 
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9 27 243 

- ^d(f)2C3c'-ih - — V3OC3C363 - — C3C364 

9 81 , 

- - 6(902030464 - — V 3OC3C464 

27 9 

+ ^"\/30C3C464 + -a/2903C3C464 " 3v^903C3C464 

+ it, (62) 

I— I— 

+ C2C2&2 + 3C2C363 + 2C2C363 + 4C2C464 + 3C2C464 

+ jl (63) 

It turns out that there exists another nilpotent BRST charge for the quantum 
W4-algebra which has a different sign for the background charge of 02- So 
jl — jl is the same except that 

- ^^309^2 ^ +^^309^2 (64) 

Using the other choice of sign for the background charge, we find that j| is 
the same but that j4 is now given by 

jl = C3{(902)' + ^902(903)' + ^V2(503)' 

27 27 27 

- -V^a029V2 + ^\/l5a029203+^V^9039'03 

+ ^^d'<l>2-'-^V2d'h} (65) 

- -oncsc^bs + —VSOc^Csbs - — C3C364 
9 27 

- -d(l)2C2,Cih'i - 6902C3C464 + ^V30C3C464 

27 9 

- — V^C3C464 + -V^903C3C464 - 3V^903C3C464 

+ (66) 

It is not clear to us whether this second solution can be related to the first 
one by a canonical transformation. 
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Our result for the 1^4-algebra is based on one of the solutions for H oh 



tained in |18], namely the solution where the background charge of the fields 



are the same as in the Miura basis. Besides this solution, the authors of [ITB 



found one additional solution for with a different value of the background 
charge for 03. We have attempted to extend also this solution with a j| and 
}1. However, the calculation shows that for this additional solution such an 
extension is impossible. 

The result (pO| ) for j| provides a nice example of a phenomenon which we 
discussed in the introduction, namely that at the quantum level consistency 
of the theory requires the existence of a nilpotent BRST operator but not 
of a closed quantum algebra. Indeed, although a nilpotent BRST operator 
Q4 exists, it is not possible to find a quantum extension of the classical 
f|-subalgebra in the full Hilbert space^. 

The quantum BRST operator for the W4-algebra in the Miura basis has 



recently been obtained in |Ty, |Tl| . Due to the complexity of their result it is 
hard to compare with our = 4 BRST-current (|60| - |63|) but we expect that 
the two expressions are related through a canonical transformation. 



6 VK-strings and Minimal Models 

As we already discussed in the introduction it has become more and more 
clear that there exists a relation between the spectra of ly-strings and certain 
minimal models |12|, 0, |19|, |T3|, |2^. In this section we will suggest 

a very general relationship between IV-strings and minimal models by ex- 
ploiting the nested structure discussed in this paper. It would be interesting 
to see whether our suggestions can be confirmed by explicit calculations of 
the spectra of W-sthngs. We will first discuss the case of critical 14^-strings 
and then investigate non-critical VT-strings. 

6.1 Critical VK-strings 

By a "critical" W^-string, we mean that we work with only one copy of a 
H^-algebra. This W-algebra is realized in terms of so-called "matter" fields. 



^Note that it may be possible to obtain closure by introducing additional generators 
besides the spin-4 generator in the quantum algebra. This has been done for W3 in pO|. 
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the "Liouville" fields beine; 

absent^- 

As a warming-up exercise we first consider the BRST operator Q^, cor- 
responding to the highest spin of the ly^v-algebra. This operator has aheady 
been constructed for < 6 in [|l^. The result, for general N, is that Qj^ 
depends on a single scalar field (j)N-i, and on the ghost fields b^, cn of the 
spin-A^ symmetries. It is nilpotent, and commutes with an energy- momentum 
tensor depending on the same fields, of the form: 



rpN 



-Ud(pN-iY - a^-id^N-i - NhMdcN - {N - l){dbr,)cN .(67) 



[Q^, T^] = determines the background charge a^^i. For general A^ 



(«Af-l)^ 



(A^- 1)(2A^ + 1)2 



(68) 



4(Ar + l) 

should be one of the allowed values of the background charge. This has been 



verified for A^ < 6 in 18 



The authors of [[Lql find that also other values of 

1) we 



the background charge are possible. With the value of aN-i as in 
find that the total central charge of i^: 



= 1 + 12{aN-if - 2{6N^ - 6N + 1) 



2{N -2) 
N + 1 



(69) 



This value corresponds to the central charge of a minimal model of the H^tv-i- 
algebra. In general, the unitary minimal models of the W^M-algebra are 
characterized by central charges (for any integer q > M) 



CM,q = {M-1) 



1 



M(M + 1) 



(70) 



so that ( pUD corresponds to Cn-i,n- For A^ = 3, (^) then corresponds to the 
central charge of a Virasoro minimal model, namely the c = | Ising model. 

^°The distinction between "matter" and "Liouville" fields is a little ambiguous, since 
in the case of W^-algebras, some of the "matter" fields must have a background charge 
and might therefore also be called "Liouville" fields. We will adopt a convention where 
the "Liouville" fields are introduced later as a separate realization of the ly-algebra (see 
below) . This definition of a "non-critical" ly-string is in accordance with the one used in 

i- 

^^Note that this is exactly the value of the central charge corresponding to a SU{N — 1) 
parafermionic theory p9(|. 



25 



Mounting evidence that the cohomology of Q3 indeed produces the resuh of 
the c = I Ising model has been given in |jl2|, |18|, ^ . The relationship 
between critical VFTv-strings and minimal models for general was further 



explored in [p2| , |2^ , pO| . In particular, it was noted that in a particular 
realisation of Wn |2^, the scalar fields 02, • • • , (pN-i, together with the ghost 
fields corresponding to the spins 3, . . . , A^, form an energy-momentum tensor 
with central charge 



6 



N{N + 1) 



(71) 



corresponding to the q = N minimal model of the Virasoro algebra. We will 
now show, using the nested structure of the W^Ar-algebra, that it is possible 
to interpolate between and c^. 

The background charges of the — 1 scalar fields that realise the Wn- 



algebras are known in the Miura basis [^, . The iterative relation which 
determines the matter part of the energy-momentum tensor is in the quantum 
case: 



-N — J-Af-l 



'(iV-l)iV^2 



Md(j)N-l)'^ + iX] 



9^0 



N-1 , 



(72) 



where x is a parameter. The total central charge of all scalars is then 



N-l 



^ (1 - 6x'^n{n + 1)) = (iV - 1)(1 - 2x^N{N + 1)) . (73) 



n=l 



On the other hand, the total central charge of the ghost fields is given by 

N 



(^9h = -2 5](6n2-6n + l) = -2(Ar-l)(2Ar2 + 2Ar + l) 

n=2 

Criticality therefore requires 

X = i(2iV + 1)1 



1 



2A^(iV + 1) ■ 

This determines the background charges of all scalar fields 0„: 

2A^ + 1 



(74) 



(75) 



n[n + 1 , 



2 \A^(iV + l) 



(76) 
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This indeed gives ( ]68| ) for n = iV — 1. 

In Section 2 we performed a redefinition of the generators of the classical 
WAT-algebra, starting from the classical form of the Miura basis. In this 
redefinition the energy-momentum tensor was not modified. We conjecture 
that similarly, the energy-momentum tensor in our nested basis will have 
the same form as in the quantum Miura basisQ. The background charges 
of all scalar fields are then known, and we can analyze the central charge 
of that part of the total energy-momentum tensor that corresponds to the 
BRST-operator Q^, and contains the matter fields . . . ,(f)N-i and the 
ghost fields c„, . . . , b^, cn- The total central charge is given by 

N N-1 

cl = -2^(6A;2-6A; + 1)+ ^ (1 + 12(a,)2) 

k=n k=n—l 

N f n(n — 1)1 , , 

This is equal to Cn-i^N, the central charge of the q = N minimal model of 
the lVri_i-algebra. For n = 2 we find of course that c% = 0, because this 
case corresponds to the critical W^Ar-string. For n = N we obtain (|69|). Note 
that the relation ([77|) between critical W^Ar-strings and minimal models of the 



iy„_i-algebra was suggested before, from a different point of view, in . 

To summarize, the nested structure of the W^Ar-algebra and of the corre- 
sponding BRST operators clarifies the connection with minimal models. 



6.2 Non-critical VK-Strings 

The situation is different for the so-called non-critical VTAr-string 0. In the 
case of the non-critical string we have classically two copies of a WN-aAgehra, 
which we call Wm and wi, for matter and Liouville, respectively. Although 
the algebra is nonlinear, a combined algebra can nevertheless be formed with 
generators w'^ = {wm)% + i''~'^{wi)%. In the case N = 3 the quantum BRST 
operator for this system was constructed in |^ ^ . The noncritical lyAr-string 
is characterized by the central charges of the matter and Liouville sectors, 

^^This assumption has been verified for iV = 3 and = 4 (see section 5) and for 
the highest-spin generator for < 6 [|l8|. Note that the discussion of the highest spin 
generator given in pQ] depends on the same assumption. 
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Cm and ci respectively. To allow for a nilpotent BRST-operator these central 
charges must satisfy (see (ff^) ): 

Cm + ci = 2{N - 1){2N^ + 2N + 1) . (78) 

We can again go to the nested basis discussed in previous sections, but the 
required redefinitions can only be made for either the matter or the Liouville 
sector. Let us choose the Liouville sector^. Then q is given by ([73| ) 

ci = {N-l){l-2x^N{N + l)), (79) 

but, in contradistinction to the situation considered in Section 5, ( [78| ) is now 
not sufficient to express x in terms of A^. Therefore, the non-critical strings 
of 10 have one arbitrary parameter, x, which makes it possible to avoid the 
relation with minimal models. If we choose our nested basis for the Liouville 
sector, then we can make a nilpotent BRST-operator depending on the field 
(pN-i, one of the Liouville scalars, the spin ghost and anti-ghost fields and 
all fields of the matter sector. The total central charge corresponding to this 
case is 

4 = Cm + l-Qx'^N{N -1) -2{6N^ -6N + 1) 

= {N-2) {{2N - 1)2 + 2N{N - l)x'^} , (80) 

the analogue of (|69|). For general x this does not correspond to a minimal 
model. 

By choosing x appropriately we can of course obtain a minimal model. 
In particular, we get the g'th unitary minimal model of the W^Ar-i-string by 
choosing x equal tcQ 

x"^ = —2 ^ ('81) 

2g(g + l)- ^ > 



^■^ The discussion below can be repeated for the case where a nested basis is chosen in 
the matter sector. 

^"^Non- unitary minimal models can be obtained by choosing more generally ~ —2 — 



{Qm) 12, with Qm — yp/q — yq/p |13|- For comparison with Section 6.1 we will hmit 
ourselves in the text to unitary models [p = but the results which follow can all be 

easily extended to the non-unitary case. 
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Note that in this case Cm, which can be determined from ( |78| , [791), is equal to 

which corresponds to the g'th minimal model of the IVAr-string. The values 
of X given in (^TJ) were also considered in ||2^, where the cohomology of 



the non-critical VFa-string was investigated. 

Using the nested basis in the Liouville sector we get a series of nested 
BRST-operators, Q^, depending on all matter fields, the scalars (pn-i, • • • , 4>n- 
of the Liouville sector and the ghost and anti-ghost fields of the spin n, . . . ,N 
symmetries. For general x the central charge of the corresponding energy- 
momentum tensor is 

= (n - 2) {{2n - If + 2n{n - l)x^)} . (83) 

When X is given by (^) this corresponds to the g'th unitary minimal model of 
the P^ri-i-algebra. This relation with minimal models extends the discussion 
in 
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Note that in the present case of the non-critical string we have the ad- 
ditional freedom of selecting the minimal model: the value of q is arbitrary 
in (0), while in (|77|) we necessarily obtained q = N. This is to be expected 



since for q = N we have Cm = and the theory effectively reduces to the 
critical M^-string. As mentioned in the previous footnote, for the non-critical 
1^-string non-unitary minimal models can be considered in the same way. 

We conclude that in the case of the non-critical string the relation with 
minimal models is not forced upon us, and that the non-critical string there- 
fore allows for a much wider class of models than the critical string. With a 
particular choice of the parameter x we obtain results similar to those in the 
critical case. 

It would be very interesting to investigate in further detail the relations 
between (critical and/or non-critical) ly-strings and minimal models. The 
fact that in the non-critical case this relationship can be avoided should have 
some significance. Probably the best way to proceed is by investigating the 
cohomology of the different BRST operators in the "nested" basis discussed 
in this paper. An interesting simple example where the spectrum can be 
calculated is provided by taking a non-critical W^s-string where the Liouville 
sector is realized by just one scalar 
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